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In this paper we solve the problem of determining the breakaway, 
diameter of the vapor bubble in the case of a large number of active 
vapor-forming centers. The motion of the liquid is discussed. The 
dynamic pressure of the Iiquid surrounding the vapor bubble and the 
radius of the bubble on breakaway from the heating surface are de- 
termined. 

P r e s s u r e  i nc r ea se  during the nucleate  boil ing of a 
liquid leads to a rapid inc rease  in the number  of ac-  
tive vapor - fo rming  centers .  The ra te  of change of the 
number  of cen te r s  great ly  exceeds the ra te  of reduc-  
tion of the bubble breakaway d iameter  given by the 
F r i t z  formula  

Do=0.02Oo Y--Y" . (1) 

In view of this the average a rea  of the cel l  occupied 
by one vapor - fo rming  center  is reduced so much that 
the d imens ions  of this cel l  become less  than the b reak -  
away d iameter  given by formula  (1). This does not 
lead to fusion of the bubbles growing on the heating 
surface,  however,  and there  is a much grea te r  r e -  
duction of the breakaway d iameter  D o than fo rmula  
(1) indicates .  This fact was noted in [1]. This  effect 
can be explained if it is a ssumed  that the individual  
growing vapor bubbles affect one another .  

The aim of the p resen t  invest igat ion was to de te r -  
mine  the breakaway d iamete r  of the bubble when there 
a re  a la rge  number  of vapor - fo rming  centers .  This 
means  that in the de te rmina t ion  of the breakaway dia-  
me te r  we mus t  take into account the size of the cel l  
occupied by one center .  For  the solution of this p rob-  
lem we consider  both the static and dynamic p r e s s u r e  
of the liquid on the bubble surface  as forces  acting 
on the bubble upon breakaway f rom the heating surface.  
The dynamic p r e s s u r e  of the liquid displaced by the 
bubble during its growth can be de termined f rom the 
equations of l iquid motion. Thus, to solve the problem 
we have to solve the sys tem Of motion equations with 
account for the continuity equation for the liquid flow- 
ing around the vapor bubble. 

To s implify the problem we make severa l  a s sump-  
tions. 

1. We assume that there  are  two schemes  of bubble 
format ion on the heating sur face :  a) growth and b reak-  
away of all  the bubbles occur s imul taneous ly  (F = i / n ) ;  
b) neighboring cen te r s  act at different  t imes  (in the 
case  of square  cells) .  In the la t te r  case the c r o s s -  
sect ional  a rea  of the cel l  in which the bubble grows 
is doubled (F = 2/n) owing to the neighboring "non- 

active "vapor- forming centers .  This (the action of c e n - "  
t e r s  at different  t imes) has been observed exper imen-  
tal ly [2]. 

2. We neglect f r ic t ion  forces in the liquid and r e -  
gard the liquid flow as potential .  This  s impl i f icat ion 
has no s ignif icant  effect on the dynamics of the liquid 
close to the bubble, s ince f r ic t ion  forces a re  very  
ins ignif icant  in the flow of a liquid round a bubble. 

3. We assume that the bubble r e ma i ns  spher ica l  
dur ing its growth (until breakaway).  

4. In the solution of the problem we assume the 
cell  to be of c i r cu l a r  sect ion and neglect the c i r cu la r  
veloci t ies  of the liquid (and their  derivat ives) .  

5. To s implify the problem we take the contact 
angle | to be 90 ~ (see the figure), which allows us 
to neglect the velocity of the bubble center .  

In light of the adopted assumpt ions  the continuity 
equation of the liquid for one cel l  can be wri t ten as 
follows (in spher ica l  coordinates) :  

O-~(R2~R)-~OR sinO1 000 (O~.OO s i n O ) = O  (2) 

with the boundary conditions 

v n=v for  R = R , ,  (3) 

v o = 0  for  O=Oo, (4) 

Diagram of motion of liquid displaced by 
growing bubble:  1) liquid flow l ines;  2) 
boundary of cell;  3) a r b i t r a r y  boundary 
of cel l  for adopted boundary condition (6). 
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v n sin 0 -1- v e cos 0 = 0 f o r  R sin 0 = Rn- (5) 

The  g e n e r a l  so lu t ion  of Eq.  (2) is  a s e r i e s  in which  
the c o e f f i c i e n t s  a r e  d e t e r m i n e d  f r o m  the boundary  c o n -  
d i t ions  [3]. D e s p i t e  the adopted  a s s u m p t i o n s  and s i m -  
p l i f i c a t i o n s ,  h o w e v e r ,  th is  so lu t ion  is  v e r y  c o m p l e x .  
The  m a i n  d i f f icu l ty  i s  the  need  to s a t i s fy  boundary  c o n -  
d i t ion  (5). The  so lu t ion  of Eq.  (2) can  be  g r e a t l y  s i m -  
p l i f i ed  if cond i t ion  (5) is  only  p a r t i a l l y  s a t i s f i e d  (for 
i n s t a n c e ,  wi th  | = | = 90 ~ In this  c a s e  

v n = 0 f o r  R = R,  and 0 = 90 ~ (6) 

The  so lu t ion  of Eq.  (2) takes  the  f o r m  

r = --vR, RS. - R? + (7) 

Condition (6) definitely introduces additional error 
into the general solution, particularly when R >> RI. 
We are interested, however, in the dynamic pressure 

on the bubble surface, i.e., at R = RI. In this case 
the error is greatly reduced. 

Knowing the velocity potential q~ we can determine 
the projections of the liquid velocities in an individual 

cell, 
2 3 

. . . . .  v + ~ . x  
vR OR R. - -  R~ 

2 3 R.RL 
re- -  R ao R . - -  RI 

R 

The  r a t e  of g r o w t h  of the bubble  on the hea t ing  s u r -  
f a c e  can be  d e t e r m i n e d  f r o m  the  f o r m u l a  

dR1 ~A t 
v - - G , ( i 0 )  

d'~ r p" R1 

which is  d e r i v e d  f r o m  the condi t ion  fo r  supply  of hea t  
f r o m  the hea t ing  s u r f a c e  to the b a s e  of the bubble  [4] 
(& = 6). 

To d e t e r m i n e  the p r e s s u r e  at the s u r f a c e  of the 
v a p o r  bubble  we u s e  the  equa t ions  of mot ion  of an idea l  
l iquid .  I n t e g r a t i n g  t h e s e  equa t ions  and taking into a c -  
count  that fo r  an idea l  l iquid  

ave 0 
- (Rvo), 

O0 OR 

and us ing  (10), we obtain  the e x p r e s s i o n  

Pd + ~v~ + v~ (' av R = _ ~ O~Oz Rd + c = - . l  e =  
T 

2 R n-- e2 + 

1 6R. - -  R[ 
+ ~  R~--R? t, R ] 

(11) 

where C is the constant of integration. 

Near  the s u r f a c e  of the g rowing  bubble,  at R = 1:11, 
Eq.  (11), in v i e w  of (8) and (9), takes  the f o r m  

( ; P~ + C  = - -  1 - -  5 cosOsinO - -  
p 2 R . - - R I  

2 3 5 
--5 R.RI(3R.+ 2R~) [ c o s 2 o _ l ] ]  . (12) 

a l j  

The  cons t an t  of i n t e g r a t i o n  can be obta ined  f r o m  
the condi t ion  

Pd=Pao f o r  0 = 0 0 = 9 0  ~ �9 

In this c a s e  

[ RnR,(3Rn+2R~) ] .  (13) C -  Pdo 02 5 2 3 .  s 

P +--~-- 1 +  3 (R~--R~) ~ 

Substituting (13) into (12) we obtain the distribution 
of dynamic pressure of the liquid on the bubble surface 

v ~ [ 3R~-~- 2R~ 
P d = P a o - - P ~ - - ~  ~ 3 "-}- 

5R,,RI 

t 2 3 ,, + sin20 ~ cos~O. (14) 

If the distribution of liquid static pressure over the 
bubble surface is written in a similar way we obtain 

the expression 

Pc = Pc~ + yR~cosO. (15) 

A c c o r d i n g  to the adopted nota t ion (see  Fig .  1), the 
a n g l e G  l i e s  in the r a n g e G 0  < | <Tr. WhenG0 = 9 0  ~ 
the angle  G l i e s  be tween  v/2 and 7r and, a c c o r d i n g l y ,  
0 > cos  G > - 1 ,  i . e . ,  cos  | is n e g a t i v e  in the whole  
r a n g e  of v a r i a t i o n  of angle  G. 

Thus ,  as  Eq. (15) shows,  with i n c r e a s e  in the angle  
| the s t a t i c  p r e s s u r e  of the l iquid  d e c r e a s e s .  A s i m -  
i l a r  s i tua t ion  ( r educ t ion  in dynamic  p r e s s u r e  of l iquid  
with  i n c r e a s e  in ang le  | is  r e v e a l e d  by Eq. (14). 
Hence ,  du r ing  the  g rowth  of the  bubble  on the  hea t ing  
s u r f a c e  the dynamic  p r e s s u r e  has  the s a m e  e f fec t  on 
the bubble  as the s t a t i c  p r e s s u r e ,  i . e . ,  i t  m a k e s  the 
bubble  b r e a k  away  f r o m  the hea t ing  s u r f a c e .  

The  p r e s s u r e  of the l iquid  on the bubble  s u r f a c e  is  
b a l a n c e d  by the  v a p o r  p r e s s u r e  i n s ide  the bubble .  The  
nonun i fo rm d i s t r i bu t i on  of p r e s s u r e  o v e r  the bubble  
s u r f a c e  is  c o m p e n s a t e d  f o r  by s u r f a c e - t e n s i o n  f o r c e s .  
The  condi t ion  fo r  equa l i ty  of p r e s s u r e s  with the s u r -  
f a c e  t ens ion  taken into account  is  wr i t t en  in the f o r m  

w h e r e  R'I and R~ a r e  the m a i n  r a d i i  of c u r v a t u r e  of 
the p h a s e  i n t e r f a c e  at the g iven  point .  

To d e t e r m i n e  the b r e a k a w a y  f o r c e  P l  ac t ing  on the 
bubble  owing to the  nonun i fo rm p r e s s u r e  we take the 
i n t e g r a l  of the p r e s s u r e  o v e r  the  bubble  s u r f a c e  

PI = j' A p 2~ R~ cos 0 sin 0 d O. (17) 
O0 

H e r e  Ap is  the to ta l  l iquid  p r e s s u r e  drop  ( s ta t i c  and 
dynamic )  o v e r  the bubble  s u r f a c e  with  a l l owance  fo r  
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the s ta t ic  vapor p r e s s u r e  inside the bubble:  

Ap = (Ps--Ps.) --(Ps --P~;) %- (Pd--Pd0) = 

= (7 - -  y') R, cos| pv ~ {3R~%-2R~ where - - - -  ~ § 

" 2 3 2 

%- sin 2 0 ~ cos 20. (18) 
\R,-- Ri/ 

Substi tuting (18) into (17) and integrat ing (with | = 
-- 90~ we obtain 

P1 = 32~-#R~(Y - -  7") + 

2 3 _ _  RZR 3 (9R~ %- 6R51%- 5R(~RO + ~ R ~  or2 5 " ~ (19) 
2 6 (RSn - R~) 2 

The breakaway force acting on the bubble is ba l -  
anced by the su r face - t ens ion  force,  which holds the 
bubble on the heating surface.  This  force  is given by 
the express ion  

P~ = 2g R1 ~f (0o). (20) 

When the bubble at tains the breakaway d iameter  
the two forces  acting on the bubble become equal, i. e . ,  

P I = P ~ = P o  for  RI=R0,  

Thus, the condition for breakaway of the bubble 
f rom the heating surface can be wri t ten in the form 
of the equation 

2u Ro (~ f (90 ~ = 

---g-~Ro(,~-- %-~R~ 7,5F ~ , (21) 

where 

i f  2 ~ 1 +  

\ - ~ " ]  i I - - ( - ~ , )  

For  s impl i f ica t ion the function F(R0/Rn) can be ap-  
proximated (to within 5%) by the re la t ionship  

(22) 

If the cell  is taken as approximately c i r cu l a r  the 
mean radius  of the cell  (over the heating surface) will 
be 

1 (23) 
R.-- V~n 

In de te rmin ing  the dynamic p r e s s u r e  of the liquid 
we ignored the effect of the contact  angle 00 and took 
i ts  value as 90 ~ . To take into account the contact angle 
we will a ssume in a f i r s t  approximation that its effect 
is s im i l a r  to the effect of 00 on the breakaway of the 
bubble due to stat ic p r e s s u r e  (see formula  (1)). 

In this case,  by solving Eq. (21) us ing (10), (22), 
and (23) for R0, we obtain 

Do--2R0 = / M % - N +  / ( M + N )  2 - 4 M  
, ( 2 4 )  

M =  (100  ']~ ~ ' - - y " .  
\ O0 } ~ n ~ '  

100 ~ y ~ _ p  kh t  
N =  1%-120 

Formula  (24) gives the re la t ionship  between the 
breakaway d iameter  of the bubble and the physical  
p roper t ies  of the h e a t - c a r r i e r ,  the t empera tu re  differ-  
ence, and the number  of vapor - fo rming  centers .  

Express ions  M and N charac te r ize  the static and 
dynamic components,  respect ively ,  of the liquid p r e s -  
sure  on the vapor bubble. 

When the number  of vapor - forming  cen te rs  is smal l  
(M > 1), N ~ 1 and formula  (24) becomes (1). In this 
case the main  effect on the bubble is due to the dy- 
namic  p r e s s u r e  (Do is a function of n). 

Thus, fo rmula  (24) is a more  general  express ion  
(in compar i son  with (1)) for calculat ion of the bubble 
breakaway d iameter  and can be extended to the region 
of higher sa tura t ion  p r e s s u r e s .  

To de te rmine  the number  of vapor - fo rming  centers  
in the calculat ion of Do (when more  accura te  data a re  
lacking) we can use the formula  given in [5]: 

l (  rp"ht  ~3 
n =  \ Tsa } , (25) 

where l is a coefficient with the d imension of length, 
1 = 625.10 -16 m. 

NOTATION 

R and | a re  spher ica l  coordinates;  R1 is the radius  
of vapor bubble growing on heating surface;  R0 is the 
bubble radius  at breakaway; Rn is the d imension of 
cel l  (radius of round cell); 00 is the angle of contact 
with heating surface;  ~- is the t ime;  ~ is the velocity 
potential ;  v R, v O are  the project ions  of veloci t ies  on 
coordinate axes in spher ica l  sys tem of coordinates;  
v is  the ra te  of growth of vapor bubble on heating s u r -  
face; v0 is the ra te  of growth of bubble at moment  of 
breakaway f rom heating surface;  Ps and Pd a re  the 
s ta t ic  and dynamic components,  respect ively ,  of liquid 
p r e s s u r e  on bubble surface;  Ps0 and Pd0 are the com-  
ponents of liquid p r e s s u r e  at base of vapor bubble (0 = 

T! )Y = | Ps and Ps0 a re  the stat ic vapor p r e s s u r e  inside 
bubble; At is the wal l - l iquid t empera tu re  difference; 
n is the number  of vapor - fo rming  centers  on surface;  
p" is the vapor density;  p is the liquid density; y" is 
the specific gravi ty of vapor; r Ks the l a t e n t h e a t  of 
evaporation; (r is the surface tension;  X is the thermal  
conductivity of liquid; Do is the bubble d iameter  at 
breakaway. 
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